We will consider the nonhomogeneous φ-Laplacian differential equation
Introduction
We are concerned with the φ-Laplacian differential equation with the nonhomogeneous Dirichlet-Neumann boundary conditions Boundary value problems, including the φ-Laplacian operator, have received a lot of attention with respect to the existence and multiplicity of solutions. Since , with a number of papers, Bereanu and Mawhin have considered such problems with Dirichlet, Neumann or periodic boundary conditions (see [-] and the references therein). In these papers, the various boundary value problems are reduced to the search for fixed points of some nonlinear operators defined on Banach spaces. In particular, they have studied some boundary value problems with nonhomogeneous boundary conditions and obtained the existence of solutions by the use of Schauder's fixed point theorem (see [, ] However, many nonlinear differential equations need to seek the existence of positive solutions because the positive solutions are very meaningful. The existence of positive solutions for homogeneous and nonhomogeneous boundary value problems have been studied by several authors and many interesting results have been obtained (only to mention some of them, see This paper is organized as follows. In Section , we give some lemmas, which play an important role in the proof of the main theorem. In Section , we obtain the existence of a positive solution to the problem (.). Moreover, two examples are also given to illustrate the main results.
⎧ ⎨ ⎩ (φ(u (t))) = -h(t)f (u(t)), t ∈ (, T), u() = ω(u)
:
Preliminaries and lemmas

Let X denote the Banach space C([, T], R) of continuous functions endowed with the maximum norm
Deriving on both sides of (.) leads to
Again, deriving in (.) implies
Moreover, from (.) and (.), we get that (Su)() = ω(u) and φ((Su) (T)) = β. Therefore, the existence of a solution for Eq. (.) is equivalent to seeking a fixed point of the nonlinear operator S. For the sake of convenience, we give the following conditions. (A) Denote := {i ∈ I : α i < } and ∇ := {i ∈ I : α i > }, and α i satisfies the conditions
(F) The function f : R + → R + is continuous and satisfies
be true. For the unbounded φ-Laplacian (b = +∞), we obtain the following results.
Lemma  Assume that the conditions (F) and (H) hold, u(t) ≥ , ω(u) ≥ , and  < a < T. Then there exists a constant γ ∈ (, ) such that min t∈[a,T]
(Su)(t) ≥ γ Su .
Proof From the representation (.) and the conditions (F)-(H), we have (Su) (t) =
Again since β ≥ , we get that Su = (Su)(T). Therefore, applying the condition (F) leads to (Su)(t) = (Su)(a)
This completes the proof.
Next, let us define a cone by
The definition of the cone is inspired by the results in [, ]. To show our main results, the following lemma is essential.
Lemma  Let the conditions (A), (F), and (H) hold and the nonlinear operator S be defined by (.). Then S : P → P.
Proof From the definition of the operator S, we find for any u ∈ P that
The conditions (F) and (H) yield
Further, Lemma  shows
Consequently, we get that S : P → P.
Remark  If the coefficients {α i : i ∈ I} are nonnegative, then the conclusion in Lemma  also holds without the hypothesis (H). Proof Lemma  shows that S : P → P. In addition, a standard argument involving the Arzela-Ascoli theorem implies that S is a completely continuous operator. Now, we choose a positive constant r  such that
Lemma 
and define  := {u ∈ X : u < r  }. For any u ∈ P ∩ ∂  , we get from the condition (F) that
Thus, for any u ∈ P ∩ ∂  , we find that
From the hypothesis (A), we can let i∈∇ α i =  -ε, ε ∈ (, ). Next, we choose a positive constant r  such that
and define  := {u ∈ X : u < r  }. Clearly, for any u ∈ P ∩ ∂  , we obtain
Then, for any u ∈ P ∩ ∂  , it implies that
Based on Lemma , we get from (.) and (.) that the operator S has at least one fixed point. Thus, it follows that Eq. (.) has at least one positive solution. Proof Using Lemma  and the proof of Theorem , we get that the conclusion holds.
Example  Consider the differential equation u (t)  u (t) = -t e -sin u(t) + cos u  (t) +  , t ∈ (, ), (.) subjected to the boundary conditions
